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SUMMARY

A third-order upwind finite element scheme is presented for numerical solutions of incompressible viscous
flow problems. In order to achieve the third-order upwind approximation for only the convection term in
the Navier-Stokes equations, a simplified Petrov—-Galerkin formulation in which a modified weighting
function is expressed by the sum of a standard weighting function and its second and third spatial derivatives
is employed. The mixed method is also employed in the formulation so that a discretization with high-order
accuracy in space is carried out by the use of linear elements. Because a truncation error caused by the
third-order upwind approximation is smaller than that of a first-order upwind scheme, it is expected that the
third-order upwind scheme will greatly improve the numerical solutions of the Navier—Stokes equations.
Numerical results in one and two dimensions are presented to illustrate the effectiveness of the proposed
scheme.
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INTRODUCTION

In the computation of problems of convection-dominated flows, a scheme with a central
difference approximation has given rise to solutions with spurious oscillations. On the other
hand, upwind schemes! ' have been successful in obtaining solutions for convection-dominated
flows and, as a consequence, have been recognized as a tool to avoid spurious oscillations in
numerical solutions.

The early upwind schemes proposed by Christie et al.,> Heinrich et al.* and Zienkiewicz and
Heinrich® are based on the Petrov-Galerkin formulation in which a modified weighting function
is defined as a one-order higher function than a trial function. In these cases the modified
weighting function is given as a standard weighting function, which leads to the Galerkin
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formulation, plus a perturbation function. These upwind schemes have yielded satisfactory results
for one-dimensional problems. Brooks and Hughes® proposed the streamline upwind/
Petrov—Galerkin (SUPG) method with a discontinuous weighting function. The perturbation
function used in the SUPG method is proportional to the first derivatives of the standard
weighting function. Since the artificial viscous term added in the SUPG scheme acts only on the
direction of flow, it is well known that the SUPG scheme is an overly effective scheme for the
computation of multidimensional problems.

In this paper an upwind finite element scheme with third-order upwind approximation-? is
presented for solutions of the incompressible Navier-Stokes equations. The development of the
upwind scheme is based on the simplified Petrov—Galerkin formulation and the mixed method.
The perturbation function considered in the formulation is expressed by the sum of second and
third spatial derivatives of the standard weighting function and it is also dependent only on the
spatial discretization. The term of third derivatives plays the important role of producing artificial
dissipation in combination with the Navier-Stokes equations. In our approach, since the order of
spatial differentials in the modified weighting function is reduced by virtue of the mixed method,
bilinear interpolation functions can be applied to unknown functions in the Petrov—Galerkin
formulation when the finite element approximation is carried out. As is well known, the spatial
accuracy of the Galerkin finite element scheme constructed on a uniform mesh is globally
second-order. However, by adding the term of the second derivatives into the modified weighting
function and employing the mixed method, we can get the finite element scheme? with a central
approximation of fourth-order accuracy with respect to differential operators in space. Therefore
we can easily make the finite element scheme with third-order upwinding such as in the case of the
upwind finite difference approximation.”-®

Finally, numerical results for some test problems are presented. Computation of the Burgers
equation, known as a one-dimensional model of a viscous fluid, is first carried out for Re=5, 100
and 1000. Next, numerical results of flow past a circular cylinder in a two-dimensional calculation
are presented for Re=100000.

GOVERNING EQUATIONS

Let Q be a bounded region in R", where n is the number of space dimensions, and assume that
Q has a smooth boundary I'. Let I'; and I'; be non-overlapping subsets of I' and let n; denote the
outward normal vector on I.

Consider the incompressible Navier-Stokes equations written in the non-dimensional form

Wi+ Ul ;=05 s (1)
u,-,,-=0. (2)

In the above, u; is the flow velocity and g;; is the total stress defined by
1
Uij=—P5ij+E(“i.j+uj.i), 3)

where p is the pressure and Re denotes the Reynolds number.
The Dirichlet- and Neumann-type boundary conditions on I'; and I', respectively are
described as follows:

ui=ﬂi on Fl, (4)

O'i=0'ijnj=éi on Fz, (5)
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where 4; and &; are prescribed functions of co-ordinates x; and time ¢.
The initial condition is

u,-=lio,- at t=0, (6)

where d,; is a given function of x;.

UPWIND FINITE ELEMENT SCHEME

Petrov-Galerkin formulation

We now briefly present a third-order upwind finite element scheme!'? based on the
Petrov-Galerkin formulation. Since a weak form of the Navier-Stokes equations is expressed in
terms of the Petrov—Galerkin formulation, a modified weighting function u; that is considered in
the formulation is usually given by the form

g=w;+ W, (7

where w; is the continuous weighting function which leads to the Galerkin formulation and w;
denotes a perturbation function of w;. The weighting function for the continuity equation is
denoted by g.

In general a physical domain considered in computation is divided into many non-uniform
elements so that the detailed numerical results in the domain are adequately obtained. In this
case, when the non-uniform mesh is used for making the finite element scheme, it is well known
that the accuracy of spatial discretization of the scheme becomes lower-order. Therefore, if we
introduce the following mapping transformations'' with respect to space and time,

éi=éi(xlsx2!x3’t)9 T=I, (8)
we can propose a high-order-accurate finite element scheme in the transformed space such as in
the case of the finite difference analysis.”®

By the use of this transformation, the Petrov—Galerkin weighted residual equation of the
Navier-Stokes equations can be written in the transformed space as
J\_ wi(ui/,+ Ujui/j).ldﬁ"‘ J; Ck,jwi/ka,-deS_) + J\_ Wi(ui/,-l— Ujui/j— 61‘, jaij/k)JdQ=J; WiO'iIdI—_, (9)
0 Q Q r
where (), =08/01, ();=0/0¢;, dQ=JdQ and dT =1dT, in which J and I denote the Jacobians
respectively. The contravariant velocity U; in (9) is defined by

Ui=¢ + & juy. (10)

Similarly, the weighted residual equation for the continuity equation becomes

J\_ ﬁj,,-qu,-/deﬁ=0. (11)
Q

Equation (9) is the exact formulation to construct the finite element scheme with upwinding,. It
is clear from (9) that an upwind technique is employed in all the terms in the Navier-Stokes
equations (for the case of a one-dimensional steady advection—diffusion equation see Reference 2).
In this case, because the upwind scheme developed is overly complex, it is desirable to adopt
a simplified Petrov—Galerkin formulation in which the upwind technique is applied only to the
convection term.
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Then the simplified Petrov—Galerkin formulation that is used instead of (9) is written as

r

f_ wiui,,JdQ+J_ (wi+ W)Uy, ; JdQ+ j_ f,‘,,-wi/,,a,-deﬁ=J‘ w;o,1dT. (12)
a o o

In the following subsection we shall propose a methodology which will develop a third-order
upwind scheme by using (12), but centrally second-order accuracy for viscosity and pressure
terms.

Mixed formulation
The perturbation function w; in (7) is defined by the form
W= — % ALE wiy — 1 aALE) sgn (Ui Wiy, (13)

where A¢; is the length of an element generated in the transformed domain and « is the parameter
which is introduced to control the effect of artificial dissipation. For the index (j) with parentheses
in the above expression, the summation convention is not employed. The range of the index (j) is
defined as being equal to that of the repeated index j in the convection term of (12).

We use linear elements in order to interpolate all functions except for the pressure p and the
weighting function g, and both p and q are assumed as constant on each element. Moreover, since
we desire the development of the finite element scheme with third-order accuracy with respect to
the convection term in (12), we have to employ the following auxiliary functions in order to obtain
such a scheme:

(D,'ZJUju,'/j, (14)
bicn =A% Wi (15)
Substituting (3) and (13)+(15) into (12), we can get!-?

J;_) wity JAQ+ J_ + (Wi =Y JU;syus— 1 AL T | U iy iy ;) AR
o

1 _ ~ _
+Jl Re Sk, iWirk(Cn, i+ En, iuj/n)JdQ—j_ ¢, iwi/ijdQ=f_ w;a, IdI. (16)
qQ e Q r

On the other hand, denoting the weighting functions by @, and d;(,-j), the weighting residual
equations of (14) and (15) are given as

J‘_ (D(,')(l),'dﬁ = J; J Uj(l-)(,')ui/jdﬂ, (17)
[¢] Q
J;_I q;u,-)ti);(,-)dﬁ =— J;.l A56)$(ij)/(j)wi/(j)dﬁ + L Aéfj,$(ij)w,~/(j,n(j,df‘. (18)

FINITE ELEMENT EQUATIONS

The finite element approximation of the weighted residual equations (16)«(18) leads to the
following full discrete equations respectively:

WIMV,,+ WTB,Q—®TA,V-®"A,V + WKV — WTCP=WTF, (19)
Q=M;'A,V, (20)
®=—-M;'B,W, Q1)
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where V, W, 2, ® and P are the vectors of nodal values of u;, w;, w;, ¢;(;, and p respectively, F is
the force vector, B;, B,, A;, A and A, are the matrices for the convection term, K is the matrix of
the viscosity term, C is the gradient operator and M and M, are lumped matrices.

Substituting (20) and (21) into (19), we can obtain the following upwind finite element equations
for the Navier-Stokes equations:

MV, +(N+K)V-CP=F, (22)
where
N=B,M;'A; +BIMsTA;+BIM;"A,. (23)
The finite element equations for (11) are written as
C'v=0. (24)

In the finite element equation (22) the convection matrix N is constructed with the third-order
upwind approximation®'? and the other matrices K and C are of central approximation with
second-order accuracy.

NUMERICAL EXAMPLES

Problem of a discontinuity in one dimension

The Burgers equation in non-conservation form, known as a one-dimensional model of the
Navier-Stokes equations,

u‘,+uu‘x=ﬁ U, xxs (25)
is calculated in order to demonstrate the validity of the third-order upwind finite element scheme
proposed in the previous section. In this case the pressure term CP in (22) is neglected, becuase in
the Burgers equation the pressure p is assumed as a constant in the computational domain.

The initial conditions of this problem are given by

u(x,0)=1 for —xp.,<x<0, (26)
u(x,0)=0 for 0<x< Xpmax- 27)
The boundary conditions are
U(— Xmax, ) =1, (28)
U(Xmax, £)=0. 29)
On the other hand, equation (25) is equivalent to the conservation form
u,,+F,x=é U, xxs (30)

where F =u?/2. The exact solution'? of (30) under the initial and boundary conditions (26)29) is

given by
ZJOO x:ée—o-sxzecdé/f e OSReG g G1)

- ®
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where

5 Sy )2
65 0)= | g 00+ 2EEE ()
(1]
Computation of the Burgers equation (25) in non-conservation form is achieved by the
Galerkin finite element (GFE) scheme, which is of the central approximation with second-order
accuracy, the SUPG scheme and the third-order upwind finite element (TOUFE) scheme (22)
with a=1, and then the numerical results are compared with the exact solution (31).
In these discrete schemes, when the solution vector V” is given at a certain time level ¢,, the
solution vector V**! at a new time level t,, ; =1, + At is computed by the following two-stage
Lax—Wendroff scheme:

V"+1/2=V"+%V:’,, (33)
Vi i= Ve ALV L2, (34)

Typical results for the schemes at Re=35, 100 and 1000 are shown in Tables I-TII respectively.
For these calculations the initial velocity u(0, 0) at x =0 is particularly given as u(0, 0)=0-5 and
a fine mesh is used so that the spurious oscillations do not appear in the numerical solutions.

In the computational results obtained by the SUPG and TOUFE schemes the velocity of the

Table I. Propagating shock solution at t=1, Re=35, Ax=02, At=005, -2<x<2

x —0600 —0400 —0200 0000 0200 0400 0600 0800 1000 1200 1400 1600
Scheme

EXACT 0-989 0973 0937 0868 0753 (591 0409 @247 0132 0063 0027 0011
GFE 0-992 0978 0945 0876 0755 0585 0398 0238 0127 0062 0028 0012
SUPG 0-991 0975 0940 0869 0747 0578 0394 0236 0126 0062 0028 0012
TOUFE 0-989 0972 0936 0867 0750 0586 0402 0242 0129 0063 0028 0012

Table II. Propagating shock solution at t=1, Re=100, Ax=001, At=0001, — 1 <x<1

x 0300 0400 0420 0440 0460 0480 0500 0520 0540 0560 0580 0600
Scheme

EXACT 1:000 0993 0982 0953 0881 0731 0500 0269 0119 0047 0018 0007
GFE 1000 0995 0985 0958 0887 0732 0493 0262 0116 0047 0018 0007
SUPG 1000 0993 0980 0945 0860 0689 0446 0230 0100 0040 0016 0006
TOUFE 1-000 0993 0982 0951 0878 0726 0492 0262 0116 0046 0018 0007

Table I1I. Propagating shock solution at t=1, Re=1000, Ax=0-001, At=0-0001, —1gx<1

x 0480 0490 0492 0494 0496 0498 0500 0502 0504 0506 0508 0510

Scheme

EXACT 1-000 0993 0982 0953 0881 0731 0500 0269 0119 0047 0018 0007
GFE 1000 0995 0985 0958 0887 0732 0493 0262 0116 0047 0018 0-007
SUPG 1000 0962 0902 0768 0546 0307 0142 0058 0023 0009 0003 0001

TOUFE 1-000 0992 0979 0944 0861 0694 0453 0233 0101 0040 0015 0006




THIRD-ORDER UPWIND FINITE ELEMENT METHOD 1019

shock is slightly slower than the exact velocity. However, it is found that the solutions of the
TOUFE scheme are better than those of the SUPG scheme.

The results for the third-order upwind finite element scheme are plotted with the exact
solutions in Figures 1-3. The profiles of propagation of the shock are adequately captured.

u(x,t)
o]
-2 0 2
Figure 1. Propagating shock solution at t=1, Re=35, Ax =02, At=005, —2<x<2: O, exact; ——, third-order upwind
finite element
1] oo o0—66—06—0—0-—9—0—06—0
u(x,t) t=20 t=1
0 S -0 60—0—o X
-1 0 1
Figure 2. Propagating shock solution at t=1, Re=100, Ax=0-01, At=0-001, —1<x<1: O, exact; ——, third-order
upwind finite element
] p——6—0 o o 6 —0—0—6-—9—6—0—0—0
u(x,t) t=0
0
-1 0 1
Figure 3. Propagating shock solution at t=1, Re=1000, Ax=0-001, At =0-0001, —1 <x < I: O, exact; ——, third-order

upwind finite element
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Flow past a circular cylinder

Numerical results of flow past a circular cylinder at Re= 100000 are presented. The finite
element mesh near the circular cylinder used in the calculation is shown in Figure 4. The total
number of elements in the computational domain is 9000 and the total number of nodal points is
9220. The circumference of the circular cylinder is divided into 200 elements. The initial condition
of flow is zero velocity everywhere. Time integration for (22) and (24) is achieved by a fractional
step method.'?® In this calculation, we put a=3.

The velocity vectors and pressure contours for the fully developed Karman vortex are shown in
Figures 5 and 6 respectively. The pressure distribution on the surface of the circular cylinder is
shown in Figure 7. The mean drag coefficient Cp obtained by this calculation is approximately
1-30 and the Strouhal number St is approximately 0-192. Our results are in good agreement with
the finite difference solutions® and experimental results.!% 3

CONCLUSIONS

In this paper we have presented the third-order upwind finite element scheme and have shown
some numerical examples. Applying the Taylor series expansion to the artificial dissipation term
written by the discrete expression, the artificial dissipation term can be rewritten by expression of
the fourth derivatives of the flow velocity. As is clear from numerical results in one and two
dimensions, our scheme gives satisfactory solutions. Therefore the proposed third-order upwind
finite element scheme is overly effective in order to obtain the solutions in the range of high
Reynolds numbers.
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Figure 4. Finite element mesh near a circular cylinder
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Figure 7. Pressure distribution on the circular cylinder for Re= 100000

APPENDIX

For simplicity we show the property of the convection matrix N in (22) by the use of the
convection term uu , in (25). In the case of the one-dimensional convection term, application of
the procedure of Taylor series expansion to the discrete representation of M~ 'NV results in the
following derivatives in non-conservation form and the truncation error:

M™INV =Une+ 15 0AE3 U 1 geee + O(AE?). 39

In the above the second term on the right-hand side denotes the artificial dissipation.
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